Cyclic codes with two zeros and their dual codes as a practically and theoretically interesting class of linear codes have been studied for many years and find many applications. The determination of the weight distributions of such codes is an open problem. Generally, the weight distributions of cyclic codes are difficult to determine. Utilizing a class of elliptic curves, this paper determines the weight distributions of dual codes of -ary cyclic codes with two zeros for a few more cases, where is an odd prime power.
I. INTRODUCTION
A S interesting and crucial objects of coding theory, cyclic codes find their applications in data compression, cryptography, error correction and network coding [15] , [20] . Many problems on cyclic codes are still open. These problems essentially involve questions of weights and forms of codewords. The weight distributions of cyclic codes with two zeros involves in several applications in cryptography [7] . The determination of the weight distributions of such a code remains an open problem. In this paper, we determine the weight distribution of cyclic codes with two zeros for a few more cases.
Let be an odd prime for the paper. is called a cyclic code if implies that . Consider the following correspondence:
We can identify a codeword with the polynomial . Then, is a cyclic code if and only if is an ideal of . Since is a principal ideal ring, then there exists a unique monic polynomial of the least degree satisfying and . The polynomial is called the generator polynomial of and is called the check polynomial of . Let be the number of codewords with the Hamming weight in . The Hamming enumerator of is the polynomial And is called the weight distribution of . Usually, it is difficult to determine the weight distribution of a cyclic code.
We now introduce a class of cyclic codes for this paper. Some cases of this class of cyclic codes have been well studied in [9] and [16] . Let be a generator of . Consider a positive factor of and a factor of . Let , and . Then, the order of and is and . The dimension of is a factor of . Generally, the weight distribution of is very complicated. When , the code is the dual code of a primitive cyclic linear code with two zeros [3] - [6] , [17] , [18] , [21] , [24] . The known results on the weight distribution of are listed as follows: 1) and [16] .
2)
and [16] .
3)
and [9] . 4) and , where is a positive integer [9] . When , Gaussian periods and cyclotomic numbers can be utilized to compute the weights and the corresponding frequencies, which determine the weight distribution of . When
, it seems impossible to compute frequencies from cyclotomic numbers. In this paper, we use Gaussian periods and a class of elliptic curves to consider the weight distribution of the cyclic code with and .
II. CYCLOTOMY, GAUSSIAN PERIODS, AND ELLIPTIC CURVES
Let be a positive factor of and be a primitive element of . Then the cyclotomic classes of order in are cosets where is an integer. When . The Gauss periods are where . Generally, it is difficult to compute the value of Gaussian periods. For some special cases, the Gaussian periods can be computed. We list the following lemma on the Gaussian periods [19] . . For determining the weight distribution of , we introduce a class of elliptic curves [12] .
Definition: A twisted Jacobi intersection over the finite field is an elliptic curve defined by where are in satisfying . Let be the set of all the -rational points on . For convenience, we often use the affine equation of , i.e.,
On
, we have the following lemma [12] . Let be an elliptic curve defined over the finite field . We have the following lemma on twisted curves of [11] , [22] . is the discrete logarithm and . From [9] and [16] , we have the following formula of :
For convenience, we let Hence, to determine the weight distribution of , we just need to determine the distribution of . In the rest of paper, we consider the weight distribution of , i.e., the distribution of in the case: Obviously, if , then and have at most one zero. If one of and is zero, the other two are both quadratic residues or both quadratic nonresidues in . We then prove this result. If one of and is zero, we assume that . Then, and . Since and , then . Hence, all the elements of are quadratic residues in . Then, is a quadratic residue and is a quadratic residue in . Hence, and are both quadratic residues or both quadratic nonresidues. Similarly, the result holds in the cases and .
For further discussion, some notations are given as follows:
From the above discussion, the value of lies in the set . Further, we have the following lemma. . Similarly, we can also discuss the case or . Hence
In order to consider the set and , we introduce two auxiliary sets as follows:
, we have the following lemma.
Lemma 3.3: Let be an elliptic curve over ; then
Proof: To compute , we introduce the following system of equations:
This system of equations is equivalent to the following system of equations:
(1)
Hence, we get
To compute the number of solutions of this system of equations, we consider the curve in projective coordinate corresponding to the system of (1) We denote this curve by . The affine equation of can be converted into the following equations:
Note that and all the elements in are quadratic residues. Hence, is birational equivalent over to the following curve: Proof: Similarly, to compute , we introduce the following system of equations:
Hence, we get
The system of (2) stands for an elliptic curve, which is denoted by . Similar to the discussion of is birational equivalent over to the following curve:
This curve can be transformed into the following curve:
that is Thus, is birational equivalent over to the following curve: 
IV. CONCLUSION
The weight distribution of has been determined in the following cases: 1) and [16] .
2)
3)
and [9] . 4) and , where is a positive integer [9] .
5)
and (This paper). Although Gaussian periods of orders 3, 4, 5, 6, 8, 12 [13] , [14] , [19] and Gaussian periods in the semi-primitive [1] , [19] , and quadratic-residue cases [2] , [19] can be determined, it is still difficult to determine the weight distribution of . Let . From our discussion, the frequency of the weight in is related to the distribution of rational points on the following family of curves over :
where . When , (3) is a system of linear equations, whose solution set can be easily determined. When , (3) is equivalent to the curve . To compute the number of solutions of the diagonal homogenous equation is equivalent to compute cyclotomic numbers [10] , [23] . When and , from our discussion we just consider elliptic curves in Jacobi form, that is, twisted Jacobi intersections. Generally, when and , we should consider a class of curves of high degree over high dimensional spaces. It is difficult to find the distribution of rational points on these curves. Hence, generally, to determine the weight distributions of duals of cyclic codes with two zeros is difficult. 
